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Abstract. Are chiral theories at present describing experimental NN scattering data satisfactorily ?. Will the chiral
approach offer a framework where fitting and selecting the existing np and pp data can be done without theoretical
bias ?. While predictive power in theoretical nuclear physics has been a major concern in the study of nuclear structure
and reactions, the Effective Field Theory (EFT) based on chiral expansions has emerged after Weinberg as a model
independent hierarchy for many body forces and much progress has been achieved over the last decades. We review
some of the issues involved which point to being close to the solution, but also that work remains still to be done
to validate the theory. We analyze several examples including zero energy NN scattering and perturbative counter-
term-free peripheral scattering where one would expect these methods to work best and unveil relevant systematic
discrepancies when a fair comparison to the Granada-2013 NN-database and partial wave analysis (PWA) based on
coarse graining the interaction is undertaken.
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1 Introduction
An old problem in Nuclear Physics concerns the predictive
power of the theory, which is persistently much poorer than
experiment. For the compiled nuclear masses one has typically
∆M(Z,N)exp < 1KeV [1]. On the other hand the semi-empirical
mass formula, despite being an ancient and simple model with
the liquid drop model picture produces a much larger error of
∆M(Z,N)th. Sophisticated improvements based on mean field
calculations have achieved a benchmark ∆M(Z,N)th∼ 0.5MeV
with a large number of parameters [2]. After all the huge progress
made in recent years in the solution of the nuclear few- and
many-body problem alongside with the increasing computa-
tional power, a pending and open question remains: can this
predictive power be improved by truly acknowledging all sources
of uncertainties in a model independent fashion or at least in-
corporating some true features of Quantum Chromodynamics
(QCD)?.
Of course, the best possible answer is to solve QCD di-
rectly in terms of its elementary degrees of freedom , quarks
and gluons. Although much progress has been made in lat-
tice QCD calculations with respect to the nuclear problem (see
e.g. Refs. [3,4,5] for nuclear potential studies), we are still
not as accurate when compared to more phenomenological ap-
proaches. One abusively refers usually to ab initio calculations
to determine atomic nuclei properties in terms of their con-
stituent nucleons. Nonetheless, there are QCD features such as
chiral symmetry which may be implemented in nuclear calcu-
lations. The above question on the predictive power in Nuclear
Physics still holds even if the specific constraints on chiral sym-
metry are explicitly taken into account.
Chiral perturbation theory for the lightest u and d quarks
is based on the smallness of the pion mass as compared to the
rest of hadronic states such as the ρ-meson. Indeed, the exis-
tence of a mass gap suggests that it should be possible to de-
sign an effective Hilbert space where the dynamical degrees
of freedom are just pions. In addition, the fact that pions are
the would-be Goldstone bosons of the spontaneously broken
chiral symmetry of QCD implies that they couple derivatively,
and hence they interact weakly at low momenta [6]. This view-
point together with the general EFT idea [7] can and has been
efficiently incorporated in the simplest pipi system and many
successes have followed [8]. But similarly to nuclear physics,
hadronic interactions are usually characterized by a recurrent
lack of predictive power on the theory side as compared to
the experiments. The only known exception to this undesirable
state of affairs corresponds to the theoretical determination of
pipi scattering lengths where the theory provides an estimate
which is about an order of magnitude more precise than the
experiment [9]. This has been possible thanks to the EFT idea
complemented with other properties. It is partly this spectac-
ular success which may be taken as a strong motivation to in-
corporate and adapt these ideas elsewhere not only in Hadronic
Physics but also in Theoretical Nuclear Physics.
When Nucleons enter the game things become more dif-
ficult and subtle from a theoretical perspective and the level
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of predictive power becomes more compromised because the
chiral expansion converges slowly even after the regularization
scheme in loop integrals is conveniently designed [10,11,12].
From a phenomenological point of view, in Nuclear Physics
the main practical reason why chiral symmetry is not dominat-
ing could be found in the characteristic small binding energies
of nucleons in atomic nuclei, B/A = 8MeV or nuclear matter
B/A = 16MeV compared to typical hadronic scales (including
the pion mass, mpi = 140MeV) and therefore the significance
and impact of chiral symmetry is much more subtle and ques-
tionable.
From the nucleon ab initio and reductionist perspective the
theoretical predictive power flow is expected to be from light
to heavy nuclei. Thus, from a Hamiltonian with multi-nucleon
forces
H(A) = T +V2N +V3N +V4N + . . . , (1)
one proceeds to solve the Schro¨dinger equation
H(A)Ψn = En(A)Ψn . (2)
In the absence of useful QCD-ab initio determinations, phe-
nomenological V2N interactions are adjusted to NN scattering
data and the deuteron, 2H (A = 2) and V3N to 3H and 3He
(A = 3), V4N to 4He (A=4) binding energies and so on. Within
this setup, the chiral EFT approach to Nuclear Physics, origi-
nally pioneered by Weinberg in 1990 [13] (see e.g. [14,15,16,
17] for reviews) to nuclear forces provides a power counting in
terms of the pion weak decay constant fpi = 92MeV, with the
feature of systematically providing an appealing hierarchy
V χ2N V χ3N V χ4N  . . . , . (3)
where the irreducible contributions of a V χnN potentials contain
(n−1)pi exchanges as the longest range contributions. Because
the pion mass is so small, chiral interactions are local and un-
ambiguous at long distances via 1pi ,2pi ,3pi, . . . exchanges for
relative distances above a short distance cut-off rc, V npi(rc) ∼
e−nrcmpi . Thus, if we take nuclear matter at saturation density
ρ = 0.17fm−3, the average internucleon distance is d ≡ ρ− 13 =
1.8fm. We have dmpi ∼ 1.3 and for npi exchange by a rough
suppression factor ξ n with ξ = e−mpid ∼ 0.3. Of course, nucle-
ons have a finite size and are therefore characterized by an ele-
mentary radius re above which they interact as if they were ele-
mentary point-like particles characterized by local fields. For
instance, for the Coulomb pp interaction we have Vpp(r) ∼
e2/r for r ≥ re ∼ 1.8fm, whereas for smaller distance the over-
lap between protons screens the interaction due to their finite
extension characterized by form factors. The numerical coin-
cidence between d ∼ re makes a strong case on what may be
deduced ignoring specific details for smaller distances, since
for larger distances the nucleon dynamics via pion exchange
can be computed explicitly using χPT. In Fig. 1 we provide a
pictorial picture of the discussion above.
In the simplest NN case chiral potentials are constructed in
perturbation theory, are universal and contain chiral constants
c1,c3,c4, . . . which can be related to piN scattering [14,15,16].
At long distances we have
V χNN(r) =V
pi
NN(r)+V
2pi
NN(r)+V
3pi
NN(r)+ . . . r rc , (4)
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Fig. 1. Top panel: Point-like (solid-blue) and extended (dashed-red)
proton-proton Coulomb interaction as a function of distance. Bottom
panel: Coarse grained NN potential (red dots) plus the chiral 1pi+2pi
exchange potentials when rc = 1.8fm (blue line) compared with the
wave function at a CM corresponding to a back-to-back NN collision
on the Fermi surface in nuclear matter (brown line).
whereas they become singular at short distances
V χNN(r) =
a1
f 2pi r3
+
a2
f 4pi r5
+
a3
f 6pi r7
+ . . . r rc , (5)
and some regularization must be introduced in any practical
calculation. This feature is also in common with 3N and 4N
forces. Thus the following questions arise: What is the best
theoretical accuracy we can get within “reasonable” cut-offs?
What is a reasonable cut-off? Can the short distance piece be
organized as a power counting compatible with the chiral ex-
pansion of the long distance piece?
There has been a huge effort in the last 30 years based on
the seminal work of Weinberg in theoretical nuclear physics.
In essence it consists on a chiral expansion of the NN potential
rather than the NN amplitude. The subject of the present work
will be some reflections on the validation/falsification of NN
chiral potentials when compared to existing scattering pp and
np data. In the present paper we do not discuss the inner con-
sistency of the Weinberg’s power counting, a subject which has
been going on unsettled for 30 years now (see e.g. [18] for a
recent discussion), but rather try to confront it with the existent
NN scattering data and wonder how far are we from the claim
that chiral symmetry “works” in Nuclear Physics and what is
R. Navarro Pe´rez, E. Ruiz Arriola: Uncertainty quantification and falsification of Chiral Nuclear Potentials 3
actually meant by such a statement. We will discuss here the
simplest NN case, but the issues are worrisome enough to re-
consider the whole approach. Motivated by this intriguing pos-
sibility we have paid dedicated attention in the last years to the
issue of NN uncertainties including also chiral interactions [19,
20].
The topic of the present work has certainly to do with proper
assessment and evaluation of uncertainties of any sort and in
particular in the NN interaction and its implications. For in-
stance, some time ago we made a first and simple estimate [21,
22] of ∆Bth/A∼ 0.5MeV, which has been updated in Ref. [20]
to be enlarged to ∼ 2MeV. These crude estimates are in the
bulk of a more recent uncertainty analysis and order-by-order
optimization of chiral nuclear interactions [23] including three-
body forces. These are large scale calculations where the nu-
merical solution of the nuclear problem is very much under
control, and it is found ∆Bth(16O)/16 ∼ 4MeV. In fact, most
of the uncertainty is dominated by the cut-off variation within
a “reasonable” range, but in any case it is much larger com-
pared to the ancient 5 parameter Weiszacker semi-empirical
mass formula which is based on the drop model picture, where
one has ∆Bsem/A∼ 0.1MeV. One may thus be worried that the
the chiral approach to nuclear structure pioneered by Weinberg
despite its theoretical appeal might actually not be very accu-
rate despite all the new technical and conceptual sophistication
which has followed thereafter.
This work is partly of review character focusing mainly on
work done in Granada and adding some further aspects which
have become clearer in the analysis over the last years. For
many details we will refer to our previous publications along
the present work. In our presentation the interaction will be
characterized by a conventional quantum mechanical potential,
which is not an observable itself (except for static sources) sim-
ilarly to the wave function. However, contrary to what some
people believe, besides being a convenient analysis tool for
NN scattering with a direct application to nuclear structure cal-
culations, its existence may be deduced from assumptions in
quantum field theory which are not more restrictive than those
usually made. In order to provide some scope we will review
critically some of the issues concerning the link between the
scattering data and the construction of the NN potential in gen-
eral and the chiral potential in particular.
2 NN scattering
We will analyze pp and np scattering. We assume for simplic-
ity of presentation the proton and neutron to have the same
and common nucleon mass MN . At fixed LAB energy TLAB =
2k2/MN , with k the CM momentum. The pion production thresh-
old TLAB = 2mpi +m2pi/2MN ∼ 290MeV i.e. k = 370MeV, al-
though it has become customary to take TLAB ≤ 350MeV (k ∼
400MeV), as the upper limit, since the inelastic cross section
only becomes comparable to the elastic between single- and
double-∆ production, which corresponds to the range TLAB =
650−1350MeV or equivalently k∼ 550−800MeV, see Fig. 2.
Thus, for TLAB ≤ 350MeV ( pCM ≤ 400MeV ) we may assume
elastic scattering.
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Fig. 2. The pp total (red) and total elastic (blue) cross section as a
function of the CM momentum. We mark the single pi-production and
the ∆ -production for reference.
2.1 The scattering amplitude
The elastic scattering process is described by the scattering ma-
trix S whose matrix elements in the CM system are defined as
S(kˆ f , kˆi)≡ 〈kˆ f |S|kˆi〉with kˆi and kˆ f the incoming and outgoing
directions respectively. The unitarity of the S-matrix implies
the condition
δ (2)(kˆ− kˆ′)1=
∫
d2kˆ′′S(kˆ, kˆ′′)S(kˆ′′, kˆ′)† , (6)
where S(kˆ f , kˆi) is a matrix in spin-isospin space, so that we
have S(kˆi, kˆ f )† ≡ 〈kˆ f |S†|kˆi〉. The NN scattering problem is an-
alyzed in terms of the scattering amplitude M, defined as,
S(kˆ f , kˆi) = 1+2kiM(kˆ f , kˆi) . (7)
If we impose P (Parity),T (Time Reversal) and Lorentz invari-
ance symmetries, the complete on-shell NN scattering ampli-
tude contains five independent complex quantities, which we
choose for definiteness as the Wolfenstein parameters [24]
M(kˆ f , kˆi) = a+m(σ1 ·n)(σ2 ·n)+(g−h)(σ1 ·m)(σ2,m)
+(g+h)(σ1 · l)(σ2 · l)+ c(σ1+σ2) ·n , (8)
where a,m,g,h,c depend on energy and angle, σ1 and σ2 are
the single nucleon Pauli matrices, l, m, n are three unitary or-
thogonal vectors along the directions of kˆ f + kˆi, kˆ f − kˆi and
kˆ f ∧ kˆi and k f = kkˆ f , ki = kkˆi are the final and initial rela-
tive nucleon momenta respectively. The amplitudes a,m,g,h,c
could in principle be determined directly from experiment as
shown in Ref. [25,26,27] (see also [28] for an exact analyti-
cal inversion). In writing this amplitude, use has been made of
the on-shell elastic condition k f = ki which implies the iden-
tity [29],
σ1 ·σ2 = (σ1 · l)(σ2 · l)+(σ1 ·m)(σ2 ·m)+(σ1 ·n)(σ2 ·n) (9)
As a consequence of unitarity we have the relation
M(kˆ f , kˆi)−M(kˆ f , kˆi)† = 2ik
∫
d2kˆnM(kˆ f , kˆn)M(kˆn, kˆi)† .
(10)
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If we go to the orthonormal basis of eigenstates φn(kˆ) with
eigenvalues Mn the spectral decomposition reads
M(kˆ f , kˆi) =∑
n
Mnφn(kˆ f )φn(kˆi)† , (11)
so that we can write the unitarity condition as Mn = Kn/(1−
ikKn) with Kn real, and define the self-adjoint operator
K(kˆ f , kˆi) =∑
n
Knφn(kˆ f )φn(kˆi)† (12)
and we have the integral equation
M(kˆ f , kˆi) = K(kˆ f , kˆi)+ ik
∫
d2kˆnK(kˆ f , kˆn)M(kˆn, kˆi) . (13)
The K−matrix has the same decomposition as the scattering
amplitude but now the coefficients are real which means that
scattering at a given energy and angle can be described by 5
independent real functions.
2.2 Analytical properties
To these properties, one has to add the existence of analyti-
cal properties in the scattering energy and angle, or equiva-
lently in the Mandelstam variables t = −(k f − ki)2 and s =
4(k2 +M2N) in the complex plane. This corresponds to a Man-
delstam double spectral representation of the scattering ampli-
tude [30] which actually provides a justification for using inter-
polation methods in phenomenological analyses. These impor-
tant constraints are explicitly satisfied in field theory in pertur-
bation theory, where interactions arise from particle exchange
and at long distances pion exchanges dominate. Unfortunately,
the unitarity of the S-matrix is not preserved exactly in per-
turbation theory and several unitarization methods have been
proposed. While all these elements provide a framework to de-
scribe the scattering problem it does not give a direct hint about
the NN interactions from which nuclear binding energies might
be determined. It should be noted that for quantum mechanical
potentials being a superposition of Yukawa potentials the dou-
ble spectral representation holds for elastic scattering [31] and
also in the presence of inelasticities described by a complex
and energy dependent optical potential [32,33]. This issue has
been exemplified recently in the case of pipi-scattering [34].
2.3 The partial wave expansion
The NN scattering amplitude conserves the total angular mo-
mentum J = L+ S, the spin (S)2, and hence a complete set
of commuting observables is given by {J2,Jz,S2} so that a
convenient basis is given by the vector spherical harmonics
YJLSM(kˆ), so that
SYJLSM(kˆ) =∑
L′
SJ,SL,L′YJL′SM(kˆ). (14)
The analysis of NN scattering has been traditionally carried out
by a decomposition of the scattering amplitude in partial waves.
For this amplitude the partial wave expansion in this case reads
Msm′s,ms(θ) =
1
2ik ∑J,l′,l
√
4pi(2l+1)Y l
′
m′s−ms(θ ,0)
×Cl′,S,Jms−m′s,m′s,ms i
l−l′(SJ,Sl,l′ −δl′,l)Cl,S,J0,ms,ms , (15)
where S is the unitary coupled channel S-matrix, and the C′s
are Clebsch-Gordan coefficients. Denoting the phase shifts as
δ J,sl,l′ , for the singlet (s = 0, l = l
′ = J) and triplet uncoupled
(s = 1, l = l′ = J) channels the S matrix is simply e2iδ
J,s
l,l , in the
triplet coupled channel (s = 1, l = J±1, l′ = J±1) it reads
SJ =
(
e2iδ
J,1
J−1 cos2εJ iei(δ
J,1
J−1+δ
J,1
J+1) sin2εJ
iei(δ
J,1
J−1+δ
J,1
J+1) sin2εJ e2iδ
J,1
J+1 cos2εJ
)
, (16)
with εJ the mixing angle.
Because of unitarity one has that SJS = (MJS− i1)(MJS +
i1)−1 with (MJS)† =MJS a hermitian coupled channel matrix
(also known as the K-matrix). The main advantage is that for
finite range interactions of range a one expects the partial wave
sum to be truncated at about Lmax+1/2∼ ka.
As mentioned, the NN scattering amplitude has 5 indepen-
dent complex components for any given energy, which must
and can be determined from a complete set of measurements
involving differential cross sections and polarization observ-
ables. While this is most often done in terms of phase-shifts,
it is worth reminding that phase shifts obtained in PWA are
not observables by themselves. This is so unless a complete
set of 10 fixed energy and angle dependent measurements have
been carried out. This is a rare case among the bunch of ex-
isting 8000 np+pp scattering data below 350MeV LAB en-
ergy and which corresponds to a maximal CM momentum of
pmaxCM = 2fm
−1. In order to intertwine all available, often incom-
plete and partially self-contradictory, information some energy
interpolation is needed. The situation is illustrated by the abun-
dance plots in Fig. 3 (see top and bottom left panels) where ev-
ery point represents a measured observable (cross section, po-
larization, etc.) of a total of about 8000 pp+np data. Thus, the
fact that the energy dependence of the amplitude is not com-
pletely arbitrary will be most helpful.
At the level of partial waves the multi-pion exchange dia-
grams generate left hand cuts in the complex s-plane, which
come in addition to the NN elastic right cut and the piNN,
2piNN etc., pion production cuts,as can be seen in Fig. 4. At
low energies for |p| ≤ mpi/2 the scattering amplitude is ana-
lytic and we have the Taylor expansion [35]
pl+l
′+1MJSl,l′(p) =−(α−1)JSl,l′ +
1
2
(r0)JSl,l′ p
2+
∞
∑
n=2
(v2n)JSl,l′ p
2n
(17)
An implementation of these analytical properties can be done
in terms of dispersion relations for short range interactions and
thus leaving out the important case of long range interactions
such as Coulomb and magnetic moments interactions. In Fig. 4
we depict a characteristic contour which in fairness would be
needed for encompassing the available data with TLAB≤ 350MeV
along the unitarity cut but also up to about 5pi-exchange to
faithfully describe the left hand cut within the same contour.
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Fig. 3. Abundance plots for pp (top panels) and np (bottom panels) scattering data. Full data base (left panel). Standard 3σ criterion (middle
panels). Self-consistent 3σ criterion (right panels). We show accepted data (blue), rejected data (red) and recovered data (green).
At present only 3pi exchanges have been considered starting by
Ref. [36]. A particularly attractive scheme to represent the ana-
lytical properties is given by the so-called N/D method, where
the partial wave amplitude is represented as a ratio between two
functions N(s) which has only left-cut (particle exchange) dis-
continuities and D(s) which has only right-cut (unitarity) dis-
continuities. While this method has been around for over 50
years, in the NN case the resulting set of integral equations re-
quired from multi-pion exchange are highly singular at short
distances and only a suitable subtraction hierarchy allows to
handle the singularities (see e.g. [37] and references therein).
These conclusions have a parallel developement in terms of a
quantum mechanical potential for the renormalization in coor-
dinate space [38,39] and the N/D representation [34].
3 The NN potential
3.1 The use of a potential
One of the good reasons to discuss the NN scattering problem
is to design suitable NN interactions which can be used in few
and many body calculations and in particular address the prob-
lem of binding in atomic nuclei. In the most popular Hamil-
tonian approach the interaction is characterized by a potential.
Moreover, provided the potential fulfills a spectral representa-
tion as a superposition of Yukawa One Pion Exchange (OPE)
form, the scattering amplitude can be shown to posses analyt-
ical properties in both the CM energy and the scattering angle
(or equivalently Mandelstam s, t variables), which also guar-
antees the smoothness in a given energy interpolation which
proves useful in fitting data.
For LAB energies below 350MeV relativity plays a small
but significant role (relativistic Coulomb corrections will be
needed). The proper incorporation of relativity requires also
to take into account retardation effects. The standard Bethe-
Salpeter equation [40] is an exact four-dimensional integral
8000 np+pp data
Π2Π3Π4Π5Π
Ρ,Ω,Σ
NN NNΠ
-0.4 -0.2 0.0 0.2 0.4
-0.4
-0.2
0.0
0.2
0.4
Re ELAB HGeVL
Im
E L
A
B
HG
eV
L
Fig. 4. The LAB energy complex plane, showing the partial
waves left cut structure due to multiple pion (and σ ,ρω) ex-
change along with the right cut structure due to pion production.
T leftLAB = (. . . ,−375.3,−260.6,−166.8,−93.8,−41.7,−10.4)MeV.
The outer/inner circles correspond to LAB energies of 350/125MeV
respectively.
equation which besides facing technical difficulties poses the-
oretical issues in practice since any finite truncation of irre-
ducible diagrams generates spurious effects and inconsisten-
cies in the amplitude or generate fake results in the heavy-light
limiting case. One may consider instead three dimensional re-
ductions of the Blankenblecker-Sugar [41], Gross [42] or Kady-
shevsky form [43], among the many possible schemes, fulfill-
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ing special properties. This relativistic ambiguity would come
in addition to several ones discussed below.
Assuming from now on the non-relativistic case, NN scat-
tering is formulated in terms of the Lippmann-Schwinger (LS)
equation which at the operator level reads
T (E) =V +V G0T (E) , (18)
where H0 is the free Hamiltonian and V is the potential and
E = k2/2µ is the CM energy and G0 = (E−H0)−1. Inserting
a complete set of states we have
〈p′|T (E)|p〉= 〈p′|V |p〉 (19)
+
∫ d3 p′′
(2pi)3
〈p′|V |p′′〉 1
E−Ep′′
〈p′′|T (E)|p〉 .
Then, taking the on-shell conditions, we get
M(pˆ′, pˆ) =− µ
2pi
〈p′|T (E)|p〉||p′|=|p|=k . (20)
Note that although Eq. (13) and Eq.(19) look very similar they
are in fact rather different since the second equation contains
in addition an integral over the energy, and thus the relation be-
tween K and V is an integral equation. The LS framework gen-
erates therefore an ambiguity in the potential, i.e. there are in-
finitely many potentials which generate the same on-shell scat-
tering amplitude. While we may use this freedom to impose
certain convenient conditions, one must not abuse this possibil-
ity since it may introduce a bias in the analysis of the data. Be-
ing ourselves theoreticians, we take the practical point of view
that the least biased choice of the interaction corresponds to
the one allowing to congregate as many data as possible, rather
than pondering on the correctness of the many experiments.
From a purely mathematical perspective, the inverse scat-
tering problem concerns the determination of such a potential
directly from the scattering data [44]. As such, the solution
of this problem is ambiguous and additional conditions need
to be imposed to fix this ambiguity. In practice, implementing
this approach requires a parameterization of the scattering am-
plitude interpolating between different measured points, which
becomes rather involved and may require a large number of
interpolating parameters if high precision is required1.
As we will review below, the scheme which is usually em-
ployed is to make instead a least squares determination of a
proposed form of the potential in terms of the measured scat-
tering observables which may be validated or falsified in a sta-
tistical sense. Such an approach has allowed to describe about
7000 np+pp scattering measurements below TLAB = 350MeV
with a number of about 30-50 parameters which a high degree
of confidence. Of course, in the case that a given NN potential
is validated, error analysis applies and experimental errors can
be propagated to any predicted quantity.
1 This is the case for instance in the NN SAID analysis [45] and
several other papers where the discrepancy of the phases for a large
number of parameters is larger than the statistical uncertainty (see e.g.
[46]).
3.2 NN potential components
Assuming isospin invariance, the most general form of the NN
interaction can be written as [29]
V (p ′,p) = VC + τ1 · τ2 WC
+[VS + τ1 · τ2 WS ] σ1 ·σ2
+[VLS + τ1 · τ2 WLS] (−iS · (q×P))
+ [VT + τ1 · τ2 WT ] σ1 ·q σ2 ·q
+[VQ+ τ1 · τ2 WQ ] σ1 · (q×P) σ2 · (q×P)
+ [VP+ τ1 · τ2 WP ] σ1 ·P σ2 ·P , (21)
where p ′ and p denote the final and initial nucleon momenta in
the CMS, respectively. Moreover, q= p ′−p is the momentum
transfer, P= (p ′+p)/2 the average momentum, and S= (σ1+
σ2)/2 the total spin, with σ1,2 and τ1,2 the spin and isospin
operators, of nucleon 1 and 2, respectively.
For the on-shell situation, Vi and Wi (where i is equal to
C, S, LS, T , Q or P) can be expressed as functions of q = |q |
and p = |p ′|= |p |, only. As pointed out in Ref. [29] the terms
corresponding to VP and WP can be re-written in terms of other
operators provided particles are on-shell, i.e. P ·q= p′2− p2 =
0. However, this is in general not the case. For instance the
exchange of an A1 meson does produce such a contribution to
order 1/M2N .
The calculation of the potential stemming from field theory
always proceeds by matching the perturbative solution of the
quantum mechanical problem to a perturbative calculation of
Feynman diagrams in quantum field theory [47]. For instance,
the leading contribution in our sign-convention is such that
the one-pion exchange contribution in is of the form W (1pi)T =
−(gpiN/2MN)2(m2pi+q2)−1, with the physical values of the cou-
pling constant gpiN and the nucleon and pion masses MN and
mpi . In general, for a quantum field theory (QFT) calculation
organized in the perturbative expansion
T |QFT = T1+T2+ · · · (22)
we assume a similar expansion of the potential
V =V1+V2+ · · · (23)
such as the perturbative solution of the LS equation, Eq. (18) is
identified order by order
V1 = T1
V2 = T2−V1G0V1
V3 = T3+V1G0V1G0V1−V2G0V1−V1G0V2
. . . (24)
This procedure introduces ambiguities, since strictly speaking
only the resulting on-shell scattering amplitude is uniquely de-
fined. Therefore, there is no unique way of determining the
potential, even in perturbation theory, a perturbative reminis-
cent feature from the inverse scattering problem. The remain-
ing freedom can be used advantageously to choose a particular
form of the potential by means of suitable unitary transforma-
tions [48]. The advantage is that the potential may be tailored
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to be used within a given computational scheme solving the nu-
clear problem for finite nuclei. In a broader context one should,
however, keep in mind that this has also some implication on
the 3N problem, since the very definition of a three-body force
is based on the definition of the two-body interaction.
As it is well known, unitarity is not preserved exactly in
perturbation theory, only order by order. Therefore, the iden-
tification of scattering quantities, say the phase-shifts, is not
unique. From this point of view one of the motivations to pro-
ceed via the potential, is that unitarity is restored at any order of
the calculation, since the total amplitude corresponds to a par-
ticular re-summation method. Again, the unitarization method
is not unique, and different re-summation schemes yield differ-
ent results (see e.g. Ref. [49] for a discussion in the pipi case). A
good example is the choice of the 3D reduction of a relativistic
scattering equation for which several possibilities exist.
Moreover, perturbation theory is based on the smallness
of a coupling constant; the amplitude is parametrically small
when the coupling constant tends to zero. The real conver-
gence for a finite coupling constant is another issue, and one
may wonder under what physical conditions does a perturbative
calculation provide sensible results. Naively, we should expect
small angles scattering, or equivalently q→ 0, to be the relevant
situation. In practice the finite pion mass, requires the unphys-
ical limit q→ impi for the OPE contribution to dominate over
the other contributions, but there is no measurable kinematic
region where for instance the coupling constant can be deter-
mined from the OPE potential alone; either some extrapolation
from the data into the unphysical region is needed or a short
range contribution must be included to fit experimental data.
At present the most accurate determination to data uses the sec-
ond method [50,51]. The small angle limit corresponds at the
partial waves level to large angular momentum states and in
the classical limit to a large impact parameter. These states are
not measured directly but rather deduced from a PWA. We will
comment on this issue below in more detail when discussing
peripheral waves.
3.3 Semi-local Potentials
The scalar functions appearing in the potential, Eq. (21), de-
pend on both initial and final momentum p and p′ respectively.
Because of rotational invariance we may thus form three inde-
pendent invariants, such as p, p′ and also q ·P (which vanishes
on-shell). Passing to coordinate space in the conjugate variable
of q we have
V (r,P) =
∫ d3q
(2pi)3
eiq·r〈P+ 1
2
q|V |P− 1
2
q〉 , (25)
where we take 〈P+ 12q|V |P− 12q〉 ≡V (p′,p). The case where
these functions depend only on the momentum transfer q =
p′ − p corresponds in coordinate space to a local potential,
V (r,P) =V (r). This has the appealing property that the quan-
tum mechanical problem becomes a differential equation which
can be solved very efficiently after imposing regularity condi-
tions of the wave function at the origin. Moreover, important
long-range effects such as the Coulomb interaction or the mag-
netic moments interaction are local and the incorporation in
coordinate space is straightforward and much less painful than
in momentum space. However, imposing this particular form
is a restriction which might introduce a bias in the statistical
analysis of the scattering data. In the general case, the presence
of polynomials in P implies that the potential is also a differ-
ential operator, as can be checked by taking the corresponding
Fourier transformation.
There is a limiting case, however, where we expect the po-
tential to be truly local and actually an observable. Indeed, at-
taching a field theoretical interpretation to the interaction, lo-
cality must be satisfied by heavy and point-like elementary nu-
cleons which act as static sources. In this case, the static energy
between them corresponds to the potential
ENN(r) =VNN(r)+2MN +O(M−1N ) , (26)
where we assume MN mpi ,E. Thus, we expect finite nucleon
mass effects to be responsible for non-localities, which means
that we will have the combination P/MN . Thus, it makes sense
to assume a polynomial in P/MN , which upon transformation
into Fourier space will make the potential a differential opera-
tor. This form has been frequently used in the past up to O(P2)
because it still corresponds to a second order differential equa-
tion, in the generalized Sturm-Liouville form with the standard
regularity conditions at the origin (see e.g. Ref. [52])2. How-
ever, to order O(P4) or higher, one should impose regularity
conditions and the wave function and higher derivatives; this
is perhaps the reason why to our knowledge it has never been
implemented. The momentum space approach, however, does
not require explicitly these boundary conditions at the origin,
and this is the preferred form in case of strong non-locality.
As already mentioned, it is possible, by means of suitable
unitary transformations [48] to transfer the operators P into an-
gular momentum operators, at least toO(P2), which act matrix-
multiplicatively on the partial wave basis and hence no deriva-
tives of the wave function need to be evaluated. In practice,
phenomenological and chiral potentials may be taken to be
weakly nonlocal or semi-local. The computational advantages
for a local interaction have been exploited in the Argonne po-
tentials saga which were specifically designed to favor Monte-
Carlo calculations3.
In the Argonne basis, the potential containing at most two
powers of momentum can be written as
V =
21
∑
n=1
OnVn(r) , (27)
where the operators On contain the linear momentum operator
only through the angular momentum operator L= r∧p and are
matrix-multiplicative when acting on the partial wave basis, i.e.
OnYJLSM(rˆ) =∑
L′
(On)JSL,L′YJL′SM(rˆ). (28)
2 One can equivalently make a change of variables, both in the co-
ordinate r and in the wave functionΨ(r) so that the equation is effec-
tively transformed into a conventional Schro¨dinger potential.
3 One of the early arguments to favor this type of interaction was
the observation that non-localities such as those present in the Paris
potential would generate huge effects in nuclear matter [53].
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Fig. 5. Momentum space components of potentials as a function of the momentum transfer for several potentials: AV18 [55] and the Granada
DS-OPE [58,59], DS-χTPE [60,61] and Gauss-OPE [62].
This can be generalized to higher orders in p or equivalently
in L. Here, the first fourteen operators are the same charge-
independent ones used in the Argonne v14 potential and are
given by
On=1,14 = 1,τ1·τ2, σ1·σ2,(σ1·σ2)(τ1·τ2), S12,S12(τ1·τ2),
L·S,L·S(τ1·τ2),L2,L2(τ1·τ2), L2(σ1·σ2),
L2(σ1·σ2)(τ1·τ2), (L·S)2,(L·S)2(τ1·τ2) . (29)
These fourteen components are denoted by the abbreviations c,
τ , σ , στ , t, tτ , ls, lsτ , l2, l2τ , l2σ , l2στ , ls2, and ls2τ . The
remaining terms are
On=15,21 = T12, (σ1·σ2),T12 S12T12, (τz1+ τz2) ,
(σ1·σ2)(τz1+ τz2) ,L2T12,L2(σ1·σ2)T12 . (30)
These terms are charge dependent and are labeled as T , σT ,tT ,
στz, l2T and l2σT .
3.4 Momentum space representation
The relation between the Argonne basis and the momentum
space representation in Eq. (21) can be found passing to mo-
mentum space
〈p′|V |p〉 ≡
∫ d3r
(2pi)3
e−ip
′·rVeip·r =∑
n
O˜n(q,P)V˜n(q) (31)
We list the basic Fourier transforms in the Appendix A and
operator transforms (see e.g. Ref. [63]). Two aspects deserve
attention, off-shellness and locality. In general the 12 compo-
nents depend on the scalars q,P · q,P and they reduce to just
10 when the on-shell condition P · q = 0 is taken. The local
approximation corresponds to take P = 0 which includes also
the on-shell condition. In Fig. 5 we depict the 12 components
for the AV18 potential [55] in the local approximation. We see
that while not all potentials are of the same size, all allowed
components are non-vanishing. This observation will be useful
when analyzing the implications of power counting and chiral
symmetry.
Off-shell k f 6= ki and σ1 ·σ2 enters as an independent addi-
tional operator combination, since the on-shell identity, Eq. (9)
does not hold. Another feature is that the off-shell independent
components VP and WP are significantly non-vanishing.
3.5 The separation distance
Once the form of the (semi-local) potential is specified, the ra-
dial dependence of the components Vn(r) must be determined.
We have taken a sharp separation distance, rc, where we distin-
guish between the known and calculable part of the potential,
by invoking QFT with hadronic degrees of freedom, and the
unknown part which should not be calculable at the hadronic
level, since it involves finite size, quark overlap and exchange
terms, etc. Obviously, for a model independent analysis this
separation distance should not be smaller than the elementary
radius, re, i.e., the distance above which particles may be re-
garded as point like (see e.g. Fig. 1). The analysis of Ref. [51]
based on quark cluster considerations and the nucleon and N∆
transition form factors suggest that also that re ∼ 1.8fm. Thus,
the separation reads,
V (r) =Vshort(r)θ(rc− r)+VQFT(r)θ(r− rc) , (32)
Although it has become customary to use smooth radial func-
tions, their particular shape may mask finite size features, and
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thus in all our studies we insist on this sharp separation scheme4.
While the long range part contains and discriminates between
strong and electroweak contributions, the short range part con-
tains both contributions and we will make no effort to disen-
tangle them explicitly.
3.6 The number of independent parameters
In order to deal with the short distance components we may
in principle propose some functions with “reasonable” shapes
characterized by some parameters as it is, e.g., the case of the
AV18 potential [55]. As we will discuss below, uncertainties
in the potential are actually dominated by the arbitrariness in
the representation of the potential at short distances. To over-
come this difficulty we have appealed in our analyses to the
use of coarse grained potentials, a scheme proposed long ago
by Avile´s [65] and rediscovered in Ref. [66] (see e.g.Ref. [67,
68] for pedagogical discussions). This approach is inspired by
a Wilsonian point of view and an optimal sampling of the po-
tential is implemented after Nyquist theorem. We take a grid of
equidistant radial “thick” points in coordinate space separated
by the finite resolution given by the shortest de Broglie wave-
length, ∆r = h¯/pmaxCM ∼ 0.6fm up to the radius rc = 3fm, above
which charge dependent 1pi exchange gives the entire strong
contribution. This gives, for instance, for an S-wave rc/∆r = 5
thick points. A simple calculation including all active partial
waves, L. prc, yields the estimate [69,68],
NPar ∼ 12 (p
max
CM rc)
2 gS gT , (33)
where gS and gT are spin and isospin degeneracy factors. The
counting of parameters for pp and np [61] yields about 40 “thick”
points rn if the fit is carried up to a maximal TLAB ≤ 350MeV.
This a priori estimate coincides with the bulk of parameters
which have been needed to fit data satisfactorily in the past.
The simplest way these thick points may be represented by
delta-shells (DS) [70] as originally proposed by Avile´s [65],
and the potential values at these points Vi(rn) are taken as the
fitting parameters,
Vshort(r) =∑
n,i
∆r On Vn(ri)δ (r− ri) . (34)
Of course, the estimate Eq. (33), shows that in order to mini-
mize the number of parameters for a given maximal momen-
tum the value of rc should be taken as smallest as possible, but
never smaller then the elementary radius, re ∼ 1.8fm.
3.7 The long range contributions
The hadronic QFT calculable contribution is separated into two
pieces, the strong (pion exchange) piece and the purely EM
piece,
VQFT =Vpi(r)+VEM(r) . (35)
4 The essential issue here is not the smoothness of the separation
function (in our case a step function), but rather the distance where the
full QFT deduced potential is switched on. A further advantage of this
sharp separation is the applicability of two-potential formulas [64].
Moreover, analytical properties depend on VQFT(r) only [34].
The charge dependent OPE potential in the long range part of
the interaction is the same as the one used by the Nijmegen
group on their 1993 PWA [71] and reads
Vm,OPE(r) = f 2
(
m
mpi±
)2 1
3
m [Ym(r)σ1 ·σ2+Tm(r)S1,2] (36)
being f the pion coupling constant, σ1 and σ2 the single nu-
cleon Pauli matrices, S1,2 the tensor operator, Ym(r) and Tm(r)
the usual Yukawa and tensor functions,
Ym(r) =
e−mr
mr
,
Tm(r) =
(
1+
3
mr
+
3
(mr)2
)
e−mr
mr
. (37)
Charge dependence is introduced by the difference between the
charged mpi± and neutral mpi0 pion mass by setting
VOPE,pp(r) =Vmpi0 ,OPE(r),
VOPE,np(r) =−Vmpi0 ,OPE(r)+(−)
(T+1)2Vmpi± ,OPE(r). (38)
The neutron-proton electromagnetic potential includes only
a magnetic moment interaction
VEM,np(r) =VMM,np(r) =− αµn2Mnr3
(
µpS1,2
2Mp
+
L·S
µnp
)
, (39)
where µn and µp are the neutron and proton magnetic moments,
Mn the neutron mass, Mp the proton one and L·S is the spin
orbit operator. The EM terms in the proton-proton channel in-
clude one and two photon exchange, vacuum polarization and
magnetic moment,
VEM,pp(r) =VC1(r)+VC2(r)+VVP(r)+VMM,pp(r) (40)
where
VC1(r) =
α ′
r
, (41)
VC2(r) =− αα
′
Mpr2
, (42)
VVP(r) =
2αα ′
3pir
∫ ∞
1
e−2merx
(
1+
1
2x2
)√
x2−1
x2
dx , (43)
VMM,pp(r) =− α4M2pr3
[
µ2pS1,2+2(4µp−1)L·S
]
. (44)
Note that these potentials are only used above rc = 3fm and
thus form factors accounting for the finite size of the nucleon
can be set to one. Energy dependence is present through the
parameter
α ′ = α
1+2k2/M2p√
1+ k2/M2p
, (45)
where k is the center of mass momentum and α the fine struc-
ture constant.
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4 The partial wave analysis
The great achievement of the Nijmegen group 25 years ago
was to provide for the first time a statistically satisfactory de-
scription of a large amount of scattering data [71,54]. This was
possible because of two good reasons. First, charge dependence
(CD) and tiny electromagnetic effects such as vacuum polariza-
tion, magnetic moments interactions (which requires summing
up over thousend partial waves) and relativistic corrections to
the Coulomb scattering were incorporated. Second, a suitable
selection of all the data was implemented. The Granada-2013
database is based on a similar approach, but with two signifi-
cant improvements: the number of data is almost twice and the
selection process has been made self-consistent as suggested
by Gross and Stadler [57]. A summary of the situation is illus-
trated by the abundance plots in Fig. 3.
4.1 Validation and Falsification: Frequentist vs
Bayesian
In low energy nuclear physics a great deal of significant in-
formation is extracted by analyzing data (see e.g. [72]). Thus,
making first a fair statistical treatment of NN is an absolute
precondition to aim at any subsequent precision goal in ab ini-
tio calculations. This applies in particular to chiral interactions
and their validation/falsification, as we will discuss below. We
remind the fact that least squares χ2-fitting any (good or bad)
model to some set of data is always possible and corresponds to
just minimizing a distance between the predictions of the the-
ory and the experimental measurements. The crucial aspect is
the statistical significance of the fit. If we take χ2 as a function
of the short distance potential components at the grid points
Vi(rn),
χ2min = min
Vi(rn)
χ2(Vi(rn)) =
NDat
∑
i=1
[
O thi (Vi(rn))−Oexpi
∆Oexpi
]2
(46)
The essential point is whether or not the discrepancies between
theory and experiment are statistical fluctuations which might
be improved by making better measurements. Namely, we ask
if the residuals
Ri =
O thi |min−Oexpi
∆Oexpi
, i = 1, . . . ,NDat (47)
follow a normal distribution. Of course, we can never be certain
about this, but the statistical approach provides one probabilis-
tic answer and depends on i) the number of data, NDat, ii) the
number of parameters determined from this data, NPar, and iii)
the nature of experimental uncertainties [62,73].
In the Bayesian approach one poses the natural question:
What is the probability P(T/D) that given the data D the the-
ory T occurs?. This requires some a priori probabilistic expec-
tations, P(T ), on the goodness of the theory regardless of the
data and is dealt with often by augmenting the experimental
χ2exp with an additive theoretical contribution χ2th. However, it
can be proven that when NDat  NPar one can ignore these a
priori expectations since χ2exp ∼NDat χ2th ∼NPar and proceed
with the Frequentist approach where just the opposite question
is posed: what is the probability P(D/T ) of measuring data D
given the theory T ?. Bayes theorem stating that the joint prob-
ability P(D,T ) = P(D/T )P(T ) = P(T/D)P(D) provides the
coneection. One could stay Bayesian if some relative weight-
ing of χ2exp and χ2th is implemented (see [74,75] and references
therein). In our analysis below, where we have NDat ∼ 8000 (
see Fig. 3 ) and NPar ∼ 40 (see Eq. (33), we expect no fun-
damental differences between the Bayesian and frequentist ap-
proaches. Note that 1) we can never be sure that the model is
true and 2) any experiment can be right if errors are sufficiently
large and in this case the theory cannot be falsified.
In general we expect discrepancies between theory and data
and, ideally, if our theory is an approximation to the true theory
we expect the optimal accuracy of the truncation to be compa-
rable with the given experimental accuracy and both to be com-
patible within their corresponding uncertainties (see [76] for a
Bayesian viewpoint). If this is or is not the case we validate
or falsify the approximated theory against experiment and de-
clare theory and experiment to be compatible or incompatible
respectively. Optimal accuracy, while desirable, is not really
needed to validate the theory. In the end largest errors domi-
nate regardless of their origin (or their Bayesian justification);
the approximated theory may be valid but inaccurate. We will
see below that this is the case for currently existing chiral in-
teractions, where the truncation error is at best comparable to
the spread of statistically verified interactions against the NN
database.
4.2 Fitting and selecting data
This approach allows to select the largest self-consistent ex-
isting NN database with a total of 6713 NN scattering data
driven by the coarse grained potential [59,62] with the reward-
ing consequence that statistical uncertainties can confidently
be propagated 5. Precise determinations of chiral coefficients,
c1,c3,c4 [77,78], the isospin breaking pion-nucleon [50,51],
and the pion-nucleon-delta [20] coupling constants have been
made.
One important aspect regards the correlation properties among
the fitting parameters. In our case one gets for the potential
components at the sampling points rn the values Vi(rn)±∆Vi(rn).
When going to the partial wave basis, V JSl,l′(rn) one observes that
different partial waves are largely decorrelated [62,19]. This
shows a posteriori that the assumption of independent param-
eters is somewhat confirmed. As a bonus, this lack of strong
correlations allows in practice for a very efficient search of the
minimum of the χ2.
4.3 Systematic vs Statistical errors
Our analysis has clearly demonstrated that at least the statisti-
cally validated 6-Granada potentials exhibit similar statistical
errors but different most likely values of the predicted quan-
tities [20]. The most vivid example is provided by the phase
shifts as we show in Fig. 6. We also plot in the figure the results
5 The resulting Granada-2013 can be downloaded from
(http://www.ugr.es/~amaro/nndatabase/).
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Fig. 6. np Phase shifts for 10 high quality fits in all partial waves with J≤ 5 as a function of the LAB energy. We show the Nijmegen PWA Nijm
I, NijmII Reid93 [54] the AV18 [55], CD Bonn [56], Spectator [57], and the Granada DS-OPE [58,59], DS-χTPE [60,61] and Gauss-OPE [62].
for the previous high quality potentials at their time (defined by
their χ2/N ∼ 1). Our observation is that for the Granada poten-
tials, which are statistically validated with the same Granada-
2013 database, we have that if a phase-shift for potential V (i)
in a given partial wave is δ (i)±∆δ (i)stat, then
∆δ (1)stat ∼ ·· · ∼ ∆δ (6)stat , (48)
but the standard deviation defined as usual, obbeys
∆δsys ≡ Std(δ (1), . . . ,δ (6)) ∆δ (i)stat . (49)
In all cases the potential above r = 3fm including CD-OPE and
all electromagnetic effects are the same, thus the discrepancies
between different forms of representing the potential at short
distances dominate the uncertainties, rather than the np and pp
experimental data themselves.
A way of comparing potentials which actually minimizes
the role of short distances is by considering radial moments,
Cn,i ∼
∫ ∞
0
d3rrnVi(r) (50)
which correspond to a low momentum expansion of the po-
tential in momentum space. The resulting values for all active
channels have been found to be rather universal yet the larger
systematic vs statistical uncertainties are also found [75]. This
effect is also found in the low energy parameters characteriz-
ing low energy scattering, see Eq. (17), and the Wolfenstein
parameters [79].
5 The chiral potentials
In the previous sections we have reviewed some aspects needed
in the construction of the Granada-2013 database. In the re-
maining sections we will compare the quality of the chiral ap-
proach on the light of these developments. We will try to check
to what extent the chiral hierarchy complies with the trends ob-
served in the NN data analysis in the last 26 years since the
Nijmegen group first found a statistically satisfactory descrip-
tion of the data at the time with a large database.
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5.1 Chiral counting
Despite the long discussions on the correctness and suitability
of the Weinberg power counting, most applications to light nu-
clei use this scheme based on a NN potential in practice, and
we will therefore restrict our short reminder to this very signif-
icant case. The Weinberg chiral counting relies on the heavy-
baryon formalism and a naive dimensional analysis of the NN
potential. Thus, according to the Feynman rules of covariant
perturbation theory, a nucleon propagator is Q−1, a pion propa-
gator Q−2, each derivative in any interaction is Q, each four-
momentum integration Q4 and the pion mass mpi is also Q.
In addition, for reasons explained in Ref. [13], terms includ-
ing factors of Q/MN , where MN denotes the nucleon mass are
counted by the rule Q/MN ∼ (Q/Λχ)2. There are two kinds of
contributions for the total potential
V =Vct+Vpi (51)
where Vpi is the long range contributions containing an increas-
ing number of pion exchanges,
Vpi =V1pi +V2pi +V3pi + . . . , (52)
which are discontinuous function of the momentum transfer at
q= impi ,2impi ,3impi , . . . and Vct are contact contributions which
do not present this discontinuity and to a given order reduce to
polynomials in initial and final momenta, p and p′ respectively,
Vct =V
(0)
ct +V
(2)
ct +V
(4)
ct +V
(6)
ct + . . . , (53)
where the superscript denotes the power or order and parity
and time-reversal only allows even powers of momentum. Pion
exchange terms, we have a similar expansion
V1pi =V
(0)
1pi +V
(2)
1pi +V
(3)
1pi +V
(4)
1pi +V
(5)
1pi + . . . (54)
V2pi =V
(2)
2pi +V
(3)
2pi +V
(4)
2pi +V
(5)
2pi + . . . (55)
V3pi =V
(4)
3pi +V
(5)
3pi + . . . , (56)
Order by order, the complete NN potential builds up as follows:
VLO =V
(0)
ct +V
(0)
1pi (57)
VNLO =VLO+V
(2)
1pi +V
(2)
2pi +V
(2)
ct (58)
VN2LO =VNLO+V
(3)
1pi +V
(3)
2pi (59)
VN3LO =VN2LO+V
(4)
1pi +V
(4)
2pi +V
(4)
3pi +V
(4)
ct (60)
VN4LO =VN3LO+V
(5)
1pi +V
(5)
2pi +V
(5)
3pi (61)
where LO stands for leading order, NLO for next-to-leading
order, etc.. From the point of view of the potential operators,
Eq. (21), the chiral hierarchy reads
m2piWT = O(Q
0) (62)
VT ,WC,VS = O(Q2) (63)
VC,WS,m2piVSL,m
2
piWSL = O(Q
3) (64)
m4piVQ = O(Q
5) (65)
m4piWQ,m
2
piVP,m
2
piWP ≤ O(Q6) (66)
where we have multiplied by a power of mpi so that all compo-
nents have the same dimensions.
It is noteworthy that the central force, traditionally taken as
the main contribution to the mid range attraction which holds
atomic nuclei together, rather than being LO becomes N2LO in
the chiral expansion6. Moreover, we would need to go at least
to order O(Q7) or higher, to generate a term WQ. We will see
later on that the phenomenological approaches require a non-
vanishing and statistically significant |WQ|  ∆WQ.
The size of the potential is relevant to discuss the chiral hi-
erarchy, but it is unclear how this could be done quantitatively.
One may, for instance, compare local potentials at a fixed dis-
tance, but the question ambiguity remains as the question of
what is a reasonable distance to compare?. Field theoretical
potentials diverge at short distances and they even make the
quantum mechanical problem mathematically ill defined. The
separation distance between the explicit pion exchange and the
unknown part of the nuclear potential plays the role of a cut-
off in coordinate space. We believe that the comparison of the
local components of potentials as a function of the momentum
transfer made in Fig. 5 goes more to the point. These compo-
nents can be related to the contributions displayed in Eq. (21)
by the relations in the Appendix A. In fairness the comparison
should be made for small q values (typically ∼ mpi ). The cen-
tral component makes a large variation from this range where
it is small to a large value for q ∼ 3fm−1 ∼ 4mpi . This is in
agreement with the chiral suppression and the phenomenology
on the dominance of the mid-range central force. At small q the
largest component is by far the tensor force as implied also by
the chiral counting.
5.2 Scale dependence and the number of parameters
The short range components of the NN potentials depend on
the maximal fitting energy (see e.g. Ref. [83] for an explicit
example). This is not so often realized because the maximal
fitting energy is usually fixed to a conventional value, usually
TLAB ≤ 350MeV. If we take Λ = pmaxCM , the LS equation at the
partial waves level reads,
T JSl′l (p
′, p) = V JSl′l (p
′, p)
+
2
pi ∑l′′
∫ Λ
0
dqV JSll” (p
′,q)
q2
k2−q2 T
JS
l′′,l(q, p) (67)
In a loose sense, the contact pieces in the chiral potentials rep-
resent the role of counter-terms in quantum field theory, but
their significant value depends on Λ . For small momenta one
has
V JSl′,l(p
′, p)|ct = (p′)l′ pl
∞
∑
n,m=0
Cnm(Λ)(p′)2n p2m (68)
6 This has lead to explore other QCD based approaches to the nu-
clear force such as e.g. the large Nc expansion, where VC (together
with WT ) becomes leading order and the remaining components are
1/Nc suppressed by a relative 1/N2C [80,81,82]. It would be interest-
ing to check if the chiral hierarchy is followed by phenomenological
potentials.
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where Cnm =Cmn are real. In the limit,Λ → 0, their values may
be directly computed from the low energy threshold parame-
ters [84] only up to O(p2). For higher orders, there are more
counter-terms than threshold parameters, featuring again in the
low energy limit the ambiguity of the inverse scattering prob-
lem. Some ambiguity can be shifted by performing a suitable
unitary transformation as, for instance, discard purely off-shell
contributions [85] in which case to O(p2n) the number of pa-
rameters would be NPar =(4+5n)(n+1)/2= 2,9,21,38,60, . . .
for n = 0,1,2,3,4, . . . [35].
5.3 Chiral potential fits to NN scattering data
While the most portable form of a PWA corresponds to list-
ing the phase shifts and this clearly provides a very reason-
able picture of the scattering process, from the point of view
of validation/falsification of the interaction fitting phase-shifts
and fitting scattering data are quite different. Therefore we will
only consider chiral fits to a full database containing cross sec-
tions and polarization observables. The first chiral fits using
the N2LO chiral potentials [86] to the Nijmegen database were
undertaken by the Nijmegen group itself for pp [87] and for
pp+np [88], allowing for a determination of the chiral con-
stants c1,c3,c4. The newest generation of chiral potentials pro-
vide fits to the Granada-2013 database [60,61,77,23,52,85,
89]. The best fit we have obtained provides χ2/ν = 1.025 when
isospin breaking is incorporated both in the pion masses, the
coupling constants and in the short range contribution [50,51].
The recent calculations by the Idaho-Salamanca group [89]
and the Bochum group [85], are possibly the most complete
analyses to date of chiral potentials going up to N4LO in the
Weinberg counting which basically use the Granada 2013 database
which contains NDat = 2996pp + 3717np = 6713 data which
are 3σ mutually compatible by a coarse grained potential with
χ2/ν = 1.027. The fact that both groups take TLAB . 290−
300MeV and that they thus have about NDat∼ 4850 implies that
a fit would be satisfactory a posteriori if χ2/NDat = 1± 0.02.
Our discussion below adopts this point of view.
One remarkable aspect of the Bochum analysis [85] is the
fact that they show that for the first time the chiral potential
fit outperforms the traditional potentials such as those of the
Nijmegen group and AV18 with much less parameters when
the Granada-2013 database is taken. In both Idaho-Salamanca
and Bochum cases cases a relevant (Gaussian) regulator de-
pendence in the quality of the fit in the “reasonable” range
Λ ∼ 450− 550MeV is reported. Likewise, a systematic order
by order analysis seems to indicate convergence of the chiral
approach.
In the Idaho-Salamanca study a N4LO nonlocal potential
is used to fit NDat = 4853-NN data are analyzed below TLAB =
290MeV. The quality of such a fit is not given, but they quote
the results for the N4LO+ consisting in the addition of addi-
tional counter-terms in the F-waves, which are nominally N5LO,
but disregarding the presumably small pion contributions V (6)pi ,
VN4LO+ ≡VN4LO+V (6)ct (69)
obtaining in this case a total best fit value χ2/NDat = 1.15 when
148 np data (Granada-accepted by the 3σ criterion) are re-
placed by 140 pp data (Granada-rejected by the 3σ criterion).
Likewise, the Bochum group uses a semi-local N4LO chiral
potential and analyze a total of NDat = 4855-NN data are ana-
lyzed below TLAB = 300MeV with a best χ2/NDat = 1.39. Only
after some (Granada accepted) data are removed and adding
also F-waves counter-terms, thus working in the N4LO+ scheme,
they get χ2/NDat = 1.03 which is very good. From this we
may infer that the effect of going from N4LO to (incomplete)
N4LO+ is crucial for claiming that the chiral expansion has
converged.
We believe that this selected but different exclusion best ex-
emplifies the main difference between power counting and the
coarse graining approach used to fix the Granada-2013 database7.
Of course, it would be highly desirable to go to the next order
and check if the problem could be solved. An approximate way
of doing this would be to include the G-waves counter-terms in
a N4LO++ scheme.
To summarize, both calculations are nominally N4LO but
the quality of the fits only gets improved when F-wave counter-
terms are added when TLAB . 290− 300MeV, the so-called
N4LO+, which indicate a flagrant violation of the standard
Weinberg power counting unless it is shown the V (6)pi is signif-
icantly negligible. Another possibility is to reduce the energy,
so that F-wave counter-terms become marginal. We comment
this possibility below in Sect. 6.3.
As it has been emphasized over the years by their own prac-
titioners the raison d’eˆtre of the EFT approach lies in the sys-
tematic determination of the physical observables in a power
counting scheme. Taken at face value, the quoted values of the
χ2/ν are several σ ’s away from their expected values, show-
ing that the chiral N4LO+ potentials despite violating the chi-
ral counting, are still incompatible with the existing data. The
quality of the fits in the N4LO+ case, supports their use in nu-
clear physics as valid representations of the NN scattering data
below TLAB = 290− 300MeV, but not more than say any of
the previous high quality potentials since the 1993 Nijmegen
analysis.
In our works [62,19] (see also [73] for a pipi based presenta-
tion), we have insisted on the fact that if χ2/ν is not within the
expected values, one can still slightly scale the errors by the so-
called Birge factor provided one can show that the residuals are
still a scaled Gaussian distribution with a variety of statistical
normality tests based in an analysis of the tails or the moments
of the distribution of residuals. For instance, for ν = 7000 one
should have χ2/ν = 1± 0.017. Having instead, χ2/ν = 1.08
would mean 5σ incompatible fit. However, if the normality test
is passed it is plausible that the rescaling of the χ2 corresponds
to a rescaling of the data uncertainties by only 10% factor, fully
compatible with the “error on the error”. We of course, should
not exclude the interesting possibility that the N4LO analyses
themselves pass the normality tests and thus qualify as suitable
description of NN scattering data.
7 An argument has been made (see also [90]) to exclude some old
but high accuracy cross section data from the Granada-2013 database
to the highest considered order, which is assumed to be less accurate
than the data.
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Table 1. The pion-nucleon coupling constant f 2 = f 2p = f 20 = f
2
c and the chiral constants c1, c3 and c4 determined from different fits to the
Granada-2013 database and of the CD-OPE plus χTPE potential depending on the cut-off radius rc. Charge dependence is only allowed on the
1S0 partial wave. Here we take TLAB ≤ 350MeV and define Nσ = (χ2/ν−1)/
√
2/ν .
rc(fm) f 2 c1(GeV−1) c3(GeV−1) c4(GeV−1) χ2pp χ2np χ2 NDat NPar χ2/ν Nσ
3.6 0.075 1010.0(306) −990.9(264) 9.6(140) 2975.09 3879.15 6854.24 6719 63 1.030 1.7
3.6 0.0710(6) 978.3(390) −961.1(353) −4.0(148) 2965.28 3869.62 6834.90 6719 64 1.027 1.6
3.0 0.075 −44.4(70) 39.5(51) −4.4(26) 2979.46 3980.27 6959.73 6721 49 1.043 2.5
3.0 0.0763(3) −35.2(79) 31.3(60) −6.4(27) 2983.95 3968.28 6952.23 6721 50 1.042 2.4
2.4 0.075 −10.6(18) 5.2(10) −2.1(8) 3064.38 4049.88 7114.26 6718 41 1.065 3.8
2.4 0.0748(2) −11.9(20) 6.0(12) −2.3(9) 3065.80 4048.30 7114.11 6718 42 1.066 3.8
1.8 0.075 −1.9(6) −3.7(2) 4.4(2) 3101.24 4059.32 7160.56 6717 33 1.071 4.1
1.8 0.0763(2) −1.6(6) −3.7(3) 4.3(2) 3077.00 4050.22 7127.22 6717 34 1.066 3.8
1.2 0.075 −11.17(9) 0.76(2) 2.822(2) 3428.38 4659.52 8087.90 6715 25 1.209 12.1
1.2 0.07500(3) −11.17(9) 0.76(3) 2.821(6) 3428.28 4659.02 8087.31 6715 26 1.209 12.1
5.4 N5LO chiral forces
The chiral expansion provides a hierarchy in the components
of the NN interaction. Can we check this hierarchy by just an-
alyzing NN scattering data directly?. We feel that this is rather
difficult, however, we can instead check whether the chiral pat-
tern is verified for potential models. In the Weinberg counting
to sixth order (N5LO ) one finds that the component WQ = 0
whereas one has VQ = O(1/ f 4M2N) [91]. If the chiral expan-
sion would have converged to that order one should see that
this component is actually very much suppressed in the phe-
nomenological analysis of NN scattering data. The results pre-
sented in Fig. 5 show that this is not the case. As we see,
the contribution to WQ (proportional to V14a, see Appendix A)
which vanishes for ChPT to N5LO is not vanishing within un-
certainties. Thus, this is a serious indication that one has still
to go higher orders to accommodate the non-vanishing value
character of all NN potential components.
Finally, we remind that Eq. (9) does not hold off-shell but to
N5LO VP =WP = 0. Such a dependence appears when consid-
ering A1 exchange to O(1/M2N). Taking into account that the
quantum numbers of A1 are the same as 3pi (The decay pro-
cess A1→ ρpi → (pipi)pi is the dominant mechanism ) and that
there are 3pi exchange contributions to N5LO some clarifica-
tion would be needed to explain to what order does one expect
a non-vanishing of VP and WP.
6 Chiral Miscellany and loose ends
6.1 Naturalness
While the statistical approach to NN is based on a standard least
squares optimization, which minimizes the distance between
the theory and the experiment for many pp and np scattering
data, it is important to underline that not all fits are eligible and
in fact some of them should be rejected, either because they
generate spurious bound states or because some of the fitting
parameters turn out to be rather different than grounded theo-
retical expectations.
In the case of χTPE exchange, the chiral constants c1,3,4
are saturated by meson exchange [93]. Actually, c1 is saturated
by scalar exchange cS1 = −gScm/m2S. Taking MN = gSFpi and
cm = Fpi/2 , mS = mV = Fpi
√
24pi/Nc and MN = Ncmρ/2 [74]
we get cS1 ∼ −Nc/(4
√
2mρ) ∼ −0.7GeV−1 and c3 and c4 are
saturated by ∆ resonance; taking ∆ = M∆ −MN one has c∆2 =
−c∆3 = 2c∆4 = g2A/(2∆)∼ 2.97GeV−1. Of course, these are not
very accurate values, but indicate the order of magnitude one
should expect.
The results in Table 1 illustrate this point when the χTPE
(N2LO) potential is used to fit the Granada-2013 database and
the chiral constants c1,3,4 are taken as fitting parameters. As
we see, the best fit does not produce natural values for c1,3,4
and hence should be rejected. The natural values correspond to
the cut-off distance rc = 1.8−2.4fm. The table also illustrates
that the small cut-off rc = 1.2fm is incompatible with the data.
From the point of view of the effective elementarity of the nu-
cleon, where re = 1.8fm, the value rc = 1.8fm is the smallest
possible and hence provides the minimal number of parame-
ters, which for pn+pp turns out to be about NPar = 30 when
TLAB ≤ 350MeV.
6.2 Power counting vs Coarse graining
We want to elaborate on the main differences between power
counting and coarse graining. As mentioned before, in the par-
tial wave amplitude we have a left-hand branch cuts due to
multiple n−pi exchanges, p, p′ = inmpi/2 Thus, in a low mo-
mentum expansion corresponding to |p|, |p′| < mpi/2 we have
a Taylor expansion as in Eq. (68), but the coefficients are func-
tions of mpi . If we count powers of Q = p, p′,mpi we have fur-
ther the expansion
C0(m2pi) = c0+ c
′
0m
2
pi + . . . (70)
Already at this level we see the phenomenon of parameter re-
dundancy; in a combination such as c0 + c′0m
2
pi + . . . the con-
stants c0, c′0, etc. cannot be disentangled from NN data. As a
general rule, the number of parameters of the pion-less theory
is smaller than the pion-full theory, since the pion exchange
potentials also contain LEC’s (stemming e.g. from piN scatter-
ing). Thus, while a power counting scheme the total number
of parameters depends on the the maximal energy and the ac-
curacy of the experimental data, in the coarse graining scheme
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Table 2. Fits of the χ-TPE potentials depending on the cutoff radius and the maximum fitting energy as described in [78]. The chiral constants
of the fourth line were taken from a Ref. [90,92] and used as fixed values during the χ2 minimization with respect of the delta-shell parameters.
Highest counter-term column indicates the maximum angular momentum where at least one delta-shell strength coefficient is non-vanishing.
Max TLAB rc c1 c3 c4 Highest χ2/ν
MeV fm GeV−1 GeV−1 GeV−1 counter-term
350 1.8 −0.4(11) −4.7(6) 4.3(2) F 1.08
350 1.2 −9.8(2) 0.3(1) 2.84(5) F 1.26
125 1.8 −0.3(29) −5.8(16) 4.2(7) D 1.03
125 1.2 −0.92 −3.89 4.31 P 1.70
125 1.2 −14.9(6) 2.7(2) 3.51(9) P 1.05
the number of parameters is essentially limited by the maximal
fitting energy, see Eq. (33), fixing the discernible wavelength
resolution.
6.3 The short distance cut-off
The questions on the numerical cut-of rc supported by the anal-
ysis of data can be resolved by explicitly separating the po-
tential as indicated by Eq. (32) and changing the maximal fit-
ting energy. The results checked to be statistically consistent
in [78] are summarized in Table 2. It is striking that D-waves,
nominally N3LO and forbidden by Weinberg chiral counting
at N2LO, are indispensable !. Furthermore, data and N2LO do
not support rc < 1.8fm, while several χ-potentials [94,95] take
rc = 0.9− 1.1fm as “reasonable”. This need of higher order
counter-terms is also found in more complete and higher order
calculations , where F-waves (N5LO) counter-terms are added
despite keeping the pion exchange contribution to one lower
order.
Of course, one may think that 125 MeV is too large an en-
ergy. We find that when we go down to 40 MeV, the χTPE
potential becomes invisible being compatible with zero within
statistical uncertainties from the experimental data [98,61].
The chiral potential (including ∆ -degrees of freedom) of
Ref. [95] explicitly violates Weinberg’s counting since it has
N2LO long distance and N3LO short distance pieces, and resid-
uals are not Gaussian. More recently, the local short distance
components of this potential have been fitted up to 125 MeV
LAB energy [52] improving the goodness of the fit, similarly
to [78] (see also table 2). As already said, the most recent and
improved N4LO chiral potentials by Idaho-Salamanca [89] and
the Bochum [85] groups suffer also from this deficiency al-
though the order mismatch is displaced to higher orders. In
both cases, a substantial improvement is achieved by introduc-
ing F-wave counter-terms, which properly speaking are N5LO.
6.4 The deconstruction argument
An alternative way of checking the failure of the power count-
ing is provided by a deconstruction argument [78]. This corre-
sponds to determine under what conditions are the short dis-
tance phases δshort, .i.e. the phase shifts stemming solely from
Vshort compatible with zero within uncertainties, i.e. |Vshort| <
∆V ?. This is equivalent to determine what partial waves fulfill
|δshort| ≤ ∆δstat when rc = 1.8fm. Unfortunately, this does not
work for D-waves, when the fit to 125 MeV is undertaken, in
full agreement with the previous conclusions.
6.5 The impact parameter argument
The long distance character of χTPE makes peripheral phases
(large angular momentum) to be suitable for a perturbative com-
parison without counter-terms [86,96,97]. However, one should
take into account that 1) peripheral phases can only be obtained
from a complete phase shift analyses and 2) their uncertain-
ties are tiny [59]. The analysis of [97] just makes an eyeball
comparison which looks reasonable but the agreement was not
quantified8. A careful comparison reflects that the thickness of
their points in their figures are much larger than the estimated
errors from high quality fits. We find that peripheral waves pre-
dicted by 5th-order chiral perturbation theory are not consis-
tent with the Granada-2013 self-consistent NN database [79].
A very vivid way of presenting the discrepancy is by compar-
ing the phase-shifts in terms of the impact parameter, defined
as
b = (L+
1
2
)/p (71)
and the variable for every partial wave
ξN4LO =
δN4LO−Mean(δ )
Std(δ )
, (72)
which measures the deviation from the phase-shift correspond-
ing to the N5LO phases to the averaged phase-shift divided by
its standard deviation. The conclusions of Ref. [79] are that
for 2fm ≤ b ≤ 5fm, one has ξN4LO ∼ 5 for the Granada PWA,
ξN4LO ∼ 3 for the 6 Granada potentials, ξN4LO ∼ 1 for the 13
high quality potentials. Our interpretation of this result is that
the systematic error of the perturbative N5LO reflects the vari-
ations of the peripheral phases in the last 26 years9.
∆δPWA,syst ∼ |δ χ,N4LO−δPWA|  ∆δPWA,stat . (73)
Sometimes we get even 3σ discrepancies. More details on this
peripheral analysis are presented in Ref. [79].
8 This was done using the SAID database (http://gwdac.phys.
gwu.edu/), a 25σ incompatible fit with p 1(see e.g. [20]).
9 Similar trends are found by the SAID analysis [45] as discussed in
Ref. [79]. This possibly due to the rational representation of the phase-
shifts as a function of the energy which has larger discrepancies than
the statistical errors.
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Table 3. Low energy threshold np parameters for all partial waves with 2≤ j ≤ 5. The central value and statistical error bars are given on the
first line using the DS-OPE potential [58,59]. The second line quotes the systematic uncertainties, the central value and error bars correspond
to the mean and standard deviation of the 6 realistic potentials NijmII [54], Reid93 [54], AV18 [55], DS-OPE [58,59], DS-χTPE [60,61]
and Gauss-OPE [62]. The third line is the N2LO perturbative χPT result with OPE (charge independent with f 2piNN = 0.075 and mpi =
(mpi0 + 2mpi+)/3) and χTPE potentials. For each partial wave we show the scattering length α and the effective range r0, both in fml+l
′+1,
as well as the curvature parameters v2,3,4 in fml+l
′+3,5,7. For the coupled channels we use the nuclear bar parameterization of the S matrix.
Uncertainties smaller than 10−3 are not quoted
Wave Scheme α r0 v2 v3 v4
1D2 PWAstat −1.376 15.04(2) 16.68(6) −13.5(1) 35.4(1)
PWAsyst −1.380(7) 15.0(1) 16.6(2) −13.1(3) 36.1(16)
N2LOpert −1.768 12.81 12.92 −18.36 −3.602
3D2 PWAstat −7.400(4) 2.858(3) 2.382(9) −1.04(2) 1.74(2)
PWAsyst −7.40(1) 2.861(8) 2.40(2) −0.98(3) 1.8(1)
N2LOpert −7.564 2.784 2.323 −0.931 1.775
3P2 PWAstat −0.290(2) −8.19(1) −6.57(5) −5.5(2) −12.2(3)
PWAsyst −0.287(6) −8.2(2) −6.6(7) −5.3(18) −11.7(24)
N2LOpert 1.028 −3.346 4.157 −3.359 −11.56
ε2 PWAstat 1.609(1) −15.68(2) −24.91(8) −21.9(3) −64.1(7)
PWAsyst 1.607(6) −15.7(2) −25.0(7) −21.9(30) −63.6(69)
N2LOpert 2.039 −6.480 −0.457 13.02 −43.64
3F2 PWAstat −0.971 −5.74(2) −23.26(8) −79.5(4) −113.0(16)
PWAsyst −0.970(5) −5.7(1) −23.1(6) −79.0(35) −113.0(129)
N2LOpert −1.371 7.416 24.53 49.59 −37.49
1F3 PWAstat 8.378 −3.924 −9.869(4) −15.27(2) −1.95(7)
PWAsyst 8.376(7) −3.927(5) −9.89(3) −15.4(2) −2.3(4)
N2LOpert 8.531 −3.836 −9.620 −14.75 −1.51
3F3 PWAstat 2.689 −9.978(3) −20.67(2) −19.12(8) −27.7(2)
PWAsyst 2.692(7) −9.97(3) −20.6(1) −19.0(4) −27.0(7)
N2LOpert 3.779 −8.142 −18.25 −21.34 −0.773
3D3 PWAstat −0.134 1.373 2.082(3) 1.96(1) −0.45(3)
PWAsyst −0.15(2) 1.370(3) 2.07(2) 1.91(7) −0.5(1)
N2LOpert −0.228 1.330 1.986 1.768 −0.857
ε3 PWAstat −9.682 3.262 7.681(3) 9.62(2) −1.09(5)
PWAsyst −9.684(6) 3.258(5) 7.66(3) 9.5(1) −1.2(2)
N2LOpert −9.847 3.170 7.39 8.79 −2.61
3G3 PWAstat 4.876 −0.027 0.019(2) 0.07(1) −2.69(3)
PWAsyst 4.875(3) −0.04(1) −0.03(6) −0.2(3) −3.1(6)
N2LOpert 4.941 −0.084 −0.342 −2.18 −9.89
1G4 PWAstat −3.208 10.833(1) 34.629(9) 83.04(8) 108.1(4)
PWAsyst −3.213(8) 10.81(2) 34.54(8) 82.5(4) 106.1(17)
N2LOpert −5.177 7.889 27.79 77.233 66.44
3G4 PWAstat −19.145 2.058 6.814 16.769(4) 10.00(2)
PWAsyst −19.15(1) 2.058(1) 6.814(4) 16.78(2) 10.05(7)
N2LOpert −19.409 2.020 6.672 16.406 9.85
3F4 PWAstat −0.006 −3.043 −4.757(1) 73.903(5) 662.21(9)
PWAsyst −0.009(3) −3.040(8) −4.75(5) 74.0(4) 662.5(40)
N2LOpert −0.0136 −2.504 −7.15 −14.03 −4.24
ε4 PWAstat 3.586 −9.529 −37.02(3) −184.40(2) −587.28(9)
PWAsyst 3.590(9) −9.53(2) −37.02(7) −184.5(3) −586.4(19)
N2LOpert 5.783 −6.954 −23.92 −64.11 −53.56
3H4 PWAstat −1.240 −0.157(2) −1.42(1) −14.0(1) −99.0(9)
PWAsyst −1.241(4) −0.17(1) −1.51(9) −14.9(9) −105.4(59)
N2LOpert −2.351 −0.108 −1.088 −8.58 −30.63
1H5 PWAstat 28.574 −1.727 −7.906 −32.787 −59.361
PWAsyst 28.58(2) −1.727 −7.905(4) −32.78(2) −59.38(6)
N2LOpert 28.830 −1.701 −7.758 −32.09 −58.03
3H5 PWAstat 6.081 −6.439 −25.228 −82.511(3) −168.47(2)
PWAsyst 6.09(2) −6.43(2) −25.21(6) −82.5(1) −168.1(9)
N2LOpert 11.53 −4.135 −18.10 −70.12 −112.1
3G5 PWAstat −0.008 0.481 1.878 6.100 6.791
PWAsyst −0.010(2) 0.480 1.878(1) 6.098(4) 6.78(1)
N2LOpert −0.009 0.471 1.837 5.958 6.63
ε5 PWAstat −31.302 1.556 6.995 28.179 48.376(2)
PWAsyst −31.31(2) 1.556 6.993(4) 28.17(1) 48.35(3)
N2LOpert −31.581 1.533 6.863 27.58 47.29
3I5 PWAstat 10.678 0.011 0.146 1.441 6.546(6)
PWAsyst 10.680(6) 0.011 0.144(1) 1.43(2) 6.5(1)
N2LOpert 10.711 0.010 0.143 1.41 6.35
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6.6 Threshold parameters at N2LO: Perturbative vs
Non-perturbative
If chiral perturbation theory works for NN, the best scenario to
check it is, as already mentioned, by looking at long distance
properties, namely large angular momenta and small energies.
This comparison provides a stringent test on the quality of chi-
ral potentials. To this end we use the effective range expansion
of the inverse amplitude generalized to higher partial waves in-
cluding coupled channels, see, Eq. (17), going to O(p8). Prac-
tical formulas for the low energy threshold parameters have
been deduced some time ago for the NijmII and Reid93 poten-
tials [35] and extended more recently for the set of 6 Granada
potentials [79] using a discretized form of the variable phase
approach of Calogero [100].
We can illustrate the perturbative character of peripheral
waves by comparing the low energy parameters, computed in
chiral perturbation theory by using the N2LO TPE as a refer-
ence. This has the additional advantage that due to the angular
momentum suppression there is a large insensitivity to the short
distances so that the limit rc→ 0 can be safely taken. However,
it was shown in Ref. [39] that due to the short distance singular-
ities of the chiral potentials, see Eq. (5), there is a finite order in
perturbation theory where regardless of the angular momentum
the result is divergent. Possibly the most direct way to approach
the calculation in perturbation theory is via the variable phase
approach. Analytical formulas can be obtained but they are too
lengthy to be quoted here, so we just give the final outcome
and comment it. For the N2LO TPE potential the first pertur-
bative calculable partial waves are D-waves, and for increasing
F-,G-,H-, etc. partial waves we expect a faster convergence. In
Table 3 we show the results when we take the central values
of the chiral constants found in our previous work [60]. As we
generally see from a dedicated inspection of the table, while the
perturbative numbers get closer to the full result for increasing
angular momentum, including the systematic spread of the 6
Granada potentials, there is still a significant discrepancy due
to the finite order of the perturbation. We remind that the same
N2LO TPE used above rc = 1.8fm to all orders together with
a delta-shells potential yields a satisfactory description of full
Granada-2013 database.
6.7 Counter-terms vs Renormalization conditions: The
zero energy argument
The low energy threshold parameters allow to probe the struc-
ture of chiral potentials against the NN interaction. The cur-
rent approach to chiral interactions is to incorporate the χTPE
tail and include short range counter-terms fitted to pp and np
phase-shifts or scattering data [90,92]10. However, these ap-
proaches are subject to strong systematic uncertainties since
a fit to phase-shifts may be subjected to off-shell ambiguities
and so far low energy chiral potentials fitted to data have not
achieved Gaussian residuals [92] or even have huge [94] to
moderate [95] χ2/ν values. To avoid these shortcomings we
10 In momentum space counter-terms corresponds to coefficients of
polynomials, see e.g. [84], which can be fixed by low energy threshold
parameters by implicit renormalization.
use χTPE [60,61] with a simpler short range structure inferred
from low energy threshold parameters [20] with their uncer-
tainties inherited from the 2013-Granada fit [59]. This corre-
sponds to zero energy renormalization condition of the counter-
terms.
One could naively expect to be able to set any number of
short range counter-terms to reproduce the same number of low
energy threshold parameters. Actually, in order to have the 9
counter-terms dictated by Weinberg to N2LO as in [90] we
need to fix α0 and r0 for both 1S0 and 3S1 waves, the mixing
αε and α1 for the 3P0, 3P1, 3P2,1P1 [20]. In practice this turned
out to be unfeasible in particular for the J = 1 coupled chan-
nel where one has matrices a and r0. If instead one includes
two counter-terms in each partial wave in the J = 1 coupled
channel it is then possible to reproduce the coupled channel a
and r0 matrices. With this structure we have a total of 12 short
range parameters set to reproduce 12 low energy threshold pa-
rameters from [20], and not the 9 expected from N2LO [90].
Nonetheless a good description of the phase-shifts up to a lab-
oratory energy of 20 MeV is observed [99].
7 Outlook: To count or not to count
Chiral nuclear forces have emerged in Nuclear Physics provid-
ing a unified description of nuclear phenomena more rooted in
QCD and less model dependent than most of the phenomeno-
logical approaches and with a chiral hierarchy in the different
effects, including multi-nucleon forces, as suggested initially
by Weinberg. The huge computational effort of the chiral nu-
clear agenda proves that they are not only calculable but also
that they can be used in light and medium-mass nuclei stud-
ies. Despite the theoretical appeal and promising developments
in the last 30 years it is fair to say that their indispensability
remains to be established and we believe that further efforts
must be taken in this direction in order to possibly consolidate
their significance. With this motivation in mind we have ana-
lyzed some issues which go into the validation vs falsification
of the latest most accurate N4LO chiral potential fits. In fact, a
significant step forward in the NN case has been made by the
Bochum group which has shown that several non-chiral high
quality NN potentials such as AV18 and NijII are statistically
less quality by chiral potentials with less parameters which
are in between N4LO and N5LO (N4LO+) when a fit to the
Granada 2013 (with some additional data exclusion and lower
energies) is carried out. A similar situation emerges from the
Idaho-Salamanca analysis which also works at the in-between
N4LO+ scheme (plus data re-shuffling), but does not outper-
form the non-chiral potentials. One worrisome aspect is that the
large difference may be due to systematic uncertainties. Within
the EFT approach there is a residual model dependence regard-
ing the finite cut-off regularization scheme. In our experience
with 6-Granada potentials fitting the same database in a sta-
tistically satisfactory manner, the parametrization of the short
range component of the nuclear force, r≤ 1.8fm dominates the
uncertainties. We stress that none of these results invalidates
using χTPE, say at N2LO above rc = 1.8fm and describing
about 7000 NN data with 30 parameters, but it does question
the status of Weinberg’s power counting encoding the short dis-
tance component of the interaction when facing NN data. This
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analysis, however, does not shed any obvious light on the last-
ing discussions about its consistency.
The best possible validation of chiral nuclear forces would
occur if they could be used themselves as a reliable tool to fit
and select scattering data. The fulfillment of such a goal would
be a major achievement for the theory. We report indications
that for the present there still some, hopefully small, way to go
to come to a such a situation. Our statistical, perturbative and
peripheral analyses do not indicate otherwise. For instance, one
quadratic spin component of the NN potential, WQ, vanishes to
N5LO while all high quality potentials provide a small but sig-
nificantly non-vanishing component within uncertainties. If we
assume that the next N6LO order will do the job the number of
parameters then becomes comparable to that of the non-chiral
potentials. Thus, one needs to check if chiral forces might not
be necessarily more predictive than the usual phenomenologi-
cal and non-chiral approaches.
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A Momentum space components
We use the notation of Ref. [63] and quote for completeness the
main results. The basic Fourier transforms are
∫
e−ik
′·rV (r)eik·rdr=
∫ ∞
0
4pi j0(qr)V (r)r2dr. (74)∫
e−ik
′·rV (r)L ·Seik·rdr= i(k×k′) ·S
∫ ∞
0
4pi
q
j1(qr)V (r)r3dr. (75)∫
e−ik
′·rV (r)L ·Leik·rdr= 2(k′ ·k)4pi
q
∫ ∞
0
j1(qr)V (r)r3dr− (k′×k) · (k′×k)4piq2
∫ ∞
0
j2(qr)V (r)r4dr. (76)∫
e−ik
′·rV (r)(L ·S)2eik·rdr= (k′×S) · (k×S)4pi
q
∫ ∞
0
j1(qr)Vj(r)r3dr− (S · (k×k′))2 4piq2
∫ ∞
0
j2(qr)V (r)r4dr. (77)∫
e−ik
′·rV (r)S12(rˆ)eik·rdr=−S12(qˆ)
∫ ∞
0
4pi j2(qr)V (r)r2dr. (78)
Table 4. Argonne V18 momentum-space spin-isospin operators
Term spin-isospin operator
O˜1 I
O˜2 (τ1 · τ2)
O˜3 (σ 1 ·σ 2)
O˜4 (σ 1 ·σ 2)(τ1 · τ2)
O˜5 −
(
3(q ·σ 1)(q ·σ 2)−q2σ 1 ·σ 2
)
O˜6 −
(
3(q ·σ 1)(q ·σ 2)−q2σ 1 ·σ 2
)
(τ1 · τ2)
O˜7 i(k×k′) ·S
O˜8 i(k×k′) ·S(τ1 · τ2)
O˜9a −(k′×k) · (k′×k)
O˜9b 2(k′ ·k)
O˜10a −(k′×k) · (k′×k)(τ1 · τ2)
O˜10b 2(k′ ·k)(τ1 · τ2)
O˜11a −(k′×k) · (k′×k)(σ 1 ·σ 2)
O˜11b 2(k′ ·k)(σ 1 ·σ 2)
O˜12a −(k′×k) · (k′×k)(σ 1 ·σ 2)(τ1 · τ2)
O˜12b 2(k′ ·k)(σ 1 ·σ 2)(τ1 · τ2)
O˜13a −(S · (k×k′))2
O˜13b (k′×S) · (k×S)
O˜14a −(S · (k×k′))2(τ1 · τ2)
O˜14b (k′×S) · (k×S)(τ1 · τ2)
O˜15 T12
O˜16 (σ 1 ·σ 2)T12
O˜17 −
(
3(q ·σ 1)(q ·σ 2)−q2σ 1 ·σ 2
)
T12
O˜18 (τ1z + τ2z).
where S12(rˆ) = 3(rˆ ·σ 1)(rˆ ·σ 2)−σ 1 ·σ 2. In table 4 T12 is the
isotensor operator T12 := 3τ1zτ2z − τ 1 · τ 2. While the isospin
operators, τ i, factor out of the Fourier transforms, the opera-
tors L2, L ·S, (L ·S)2 and the tensor operator S12 contribute to
the Fourier transform. The potential components are plotted in
Fig. 7 and the relation to Eq. (21) becomes
VC =V1− (V9a+V10a+V11a+V12a+ 12V13a)
× (P2q2− (q.P)2)+(2V9b+V13b)(P2− q24
)
(79)
WC =V2− (V12a+ 12V14a)
(
P2q2− (q.P)2)
+(2V10b+V14b)
(
P2− q
2
4
)
(80)
VS =V3+(2V11b+V13b)P2− (12V11b+
1
4
V13b−V5)q2 (81)
WS =V4+2V12b
(
P2− q
2
4
)
+V14b
(
P2− q
2
4
)
+q2V6 (82)
VT =
1
8
V13b−3V5 (83)
WT =
1
8
V14b−3V6 (84)
VLS =V7 (85)
WLS =V8 (86)
VQ =−12V13a (87)
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WQ =−12V14a (88)
VP =−12V13b (89)
WP =−12V14b (90)
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